Abstract
Introduction
Bent functions have optimal nonlinearity [5] . They were introduced by Rothaus in 1976 as an interesting combinatorial object [16] . Bent functions have been extensively studied during the thirty last years [1-4, 6-9, 10,12] since bent functions have many applications in sequence design, cryptography and algebraic coding [13, 15] .
In the recent years, generalizations of Boolean functions [11, 17-21, and 22] were proposed. In 2009, Schmidt [17] considered functions from 2 n Z to q Z from the viewpoint of cyclic codes over rings. Latter, Solé and Tokareva [18] called these functions from 2 n Z to q Z generalized Boolean functions and presented the direct links between Boolean bent functions and generalized bent functions. More recently, Stănică et al., [22] investigated the properties of generalized bent functions and presented several constructions of such generalized bent functions for both n even and n odd.
In this paper, we concentrate on constructions of generalized bent Boolean functions on odd number of variables. We first present a construction of generalized bent Boolean functions defined on 2 n Z with values in 4 Z . The main technique is to utilize the links between bent functions and semi-bent functions to derive generalized bent functions on odd number of variables. In addition, by using Boolean permutations and special Boolean functions g , we provide a specific method to construct generalized bent functions on odd number of variables.
Preliminaries
The following notations will be used throughout the paper. Let us denote the set of integers, real numbers and complex numbers by ZR  and C , respectively and let the ring of integers modulo r be denoted by r Z . We denote the addition over ZR  and C by '+'. Moreover, addition modulo q ( 2  ) is also denoted by '+' and it is understood from the context. Let 2 n Z be the n -dimensional vector space over 2 Z . We denote the addition over . In this article, we shall call these functions gbent functions. Note that when 2 q  , Boolean bent functions exists only if the number of variables, n , is even. For
f is a gbent function in n variables, it does not follow that n must be even. Such functions for 4 q  were investigated by Schmidt [17] , Sol é and Tokareva [18] , Stănică, Martinsen, Gangopadhyay, and Singh [22] , etc. 
Main Results
In this section, we present two constructions of generalized bent Boolean functions on odd number of variables.
We first recall a lemma which plays an important role in the part. [18, 22] Let n be a positive odd integer and . Then the following statements are equivalent:
Lemma
From the above lemma, we have the following theorem. (1) and 
Theorem Let
Further, from Equations (1) and (2), we have 
, where
is a gbent function in 21 n  variables.
Proof. Without lose of generality, we set 
( 1) Boolean permutations and special functions g to characterize a class of generalized bent Boolean functions on odd number of variables.
